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ABSTRACT 

Var ious  methods u s e f u l  f o r  deconvo lu t ion  of p h y s i c a l  

d a t a  i n  o r d e r  t o  remove s y s t e m a t i c  d i s t o r t i o n s  a r e  d i s c u s s e d .  

D i g i t a l ,  numer ica l  and a n a l o g  t e c h n i q u e s  are  d e s c r i b e d  a l o n g  

w i t h  expe r imen ta l  r e s u l t s  which i n d i c a t e  t h e  merits o f  

d i f f e r e n t  methods. An ana log  method is ma themat i ca l ly  

ana lyzed  i n  d e t a i l  demons t r a t ing  t h a t  i t  performs a modi f ied  

symmetric Gauss-Seidel  i t e r a t i o n .  Convergence c r i t e r i a  and 

t h e  effects  of n o i s e  are  a l s o  d i s c u s s e d  b r i e f l y .  

i 



CHAPTER I 

I NTRQDUCT P ON 

1.1 Convolu t ion  and Deconvolut ion 

I n  t h e  p r o c e s s  o f  measuring and r e c o r d i n g  any p h y s i c a l  

o b s e r v a b l e  i n  expe r imen ta l  p h y s i c s ,  t h e  q u a n t i t y  be ing  measured 

is f i l t e r e d  by t h e  measuring p r o c e s s ,  The optimum i n s t r u m e n t  

is t h e  one which r e c o r d s  t h e  q u a n t i t y  b e i n g  measured w i t h  a 

mCnimum of d i s t o r t i o n ;  i - e . ,  t h e  i n s t r u m e n t  which  has t h e  

h i g h e s t  f r equency  r e sponse  o r  r e s o l v i n g  power, However i n  

many i n s t r u m e n t s  t h e  i n f o r m a t i o n  be ing  sough t  is n e c e s s a r i l y  

o b t a i n e d  i n  a d i s t o r t e d  form. When t h e  q u a n t i t y  be ing  sough t  

. -  

is measured a s  a f u n c t i o n  of  a n o t h e r  pa rame te r ,  e . g . ,  a s  i n  

t h e  c a s e  o f  s p e c t r a l  i n fo rma t ion  o r  d i s t r i b u t i o n  f u n c t i o n s ,  

q u i t e  o f t e n  t h i s  f i l t e r i n g  p r o c e s s  can  be expres sed  a s  t h e  

c o n v o l u t i o n  o f  t h e  f u n c t i o n  b e i n g  measured w i t h  a n o t h e r  func-  

t i o n ,  wh ich  r e p r e s e n t s  t h e  c h a r a c t e r i s t i c  d i s t o r t i o n  produced 

by a c e r t a i n  i n s t r u m e n t .  The c r i t e r i a  n e c e s s a r y  for t h i s  

d e f i n i t i o n  t o  be a p p l i c a b l e  a r e  d i s c u s s e d  i n  s e c t i o n  P I  of  

t h i s  thes i s .  The p r o c e s s  of  c o n v o l u t i o n  f o r  f u n c t i o n s  of 

one v a r i a b l e  can  be expres sed  i n  i n t e g r a l  form a s  is shown 

i n  s e c t i o n  P I P .  

c u s s  t h e  r e p r e s e n t a t i o n  of  i n s t r u m e n t a l  d i s t o r t i o n s  by 

c o n v o l u t i o n s  R o s e l l e r 3  and Schrack a r e  t y p i c a l  of works 

which c a l c u l a t e  t h e  c o n v o l u t i o n s  of some common s p e c t r a l  

f u n c t  i o n s  

2 E m s l i e  and King' and P r e i  and Gunthard d i s -  

4 

The more d i f f i c u l t  p r o c e s s  o f  ' y d e c o n v o 1 u t i ~ n * 9  is t h e  

one w i t h  which t h e  expe r imen te r  is o f t e n  f a c e d  when he must 
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a n a l y z e  r eco rded  da t a .  I t  is n o t  uncommon f o r  t h e  convo lu t ion  

p r o c e s s  of  measurement t o  have comple te ly  masked d e t a i l s  o r  

f i n e  s t r u c t u r e  i n  t h e  measured f u n c t i o n .  An example o f  t h i s  

can  be found i n  s p e c t r a l  measurements i n  which f i n e  s t r u c -  

t u r e s  were d i scove red  when i n s t r u m e n t s  w i t h  g r e a t e r  r e s o l v i n g  

power were f i r s t  used .  I n  o r d e r  t o  r e c o v e r  these masked 

d e t a i l s  o r  f i n e  s t r u c t u r e  one must r e v e r s e  t h e  c o n v o l u t i o n  

p r o c e s s  or  "de-smear" t h e  da t a ,  Th i s  can be  done by s o l v i n g  

t h e  c o n v o l u t i o n  i n t e g r a l  e q u a t i o n  when t h e  c h a r a c t e r i s t i c  

d i s t o r t i o n  f u n c t i o n  of t h e  measuring a p p a r a t u s  is known, 

However, t h e  a c t u a l  implementa t ion  o f  deconvolu t ion  is a 

n o n - t r i v i a l  o p e r a t i o n ,  and perhaps  f o r  t h i s  r e a s o n  i t  has 

n o t  y e t  been wide ly  a p p l i e d  f o r  t h e  i n t e r p r e t a t i o n  of 

expe r imen ta l  da t a ,  

1,2 Numerical DeconvoPution 

TheTe are many methods f o r  s o l v i n g  t h e  convo lu t ion  

i n t e g r a l  e q u a t i o n ,  b u t  t h e y  are g e n e r a l l y  numer ica l  t e c h n i q u e s ,  

because  r a r e l y  is t h e  a p p a r a t u s  f u n c t i o n  known i n  c l o s e d  

form and a lmost  never  is t h e  r eco rded  o u t p u t  o f  an i n s t r u -  

ment d e f i n e d  a n a l y t i c a l l y .  I t  is shown i n  s e c t i o n  I V  t h a t  

the problem can  be formula ted  numer i ca l ly  i n  t e r m s  of l i n e a r  

s imul t aneous  e q u a t i o n s ,  o r  a matrix e q u a t i o n .  Direct methods 

can  be used 5 9  6 9  

these methods g e n e r a l l y  are  no t  s u c c e s s f u l  f o r  h ighe r -o rde r  

t o  ' s o l v e  t n e  s imul t aneous  e q u a t i o n s  b u t  

sys t ems ,  T h i s  is due t o  t h e  f ac t  t h a t  t h e  system of  equa- 

tfons is i l l - c o n d i t i o n e d ,  s 9 9 s n 0 k  r e s u l t i n g  from t h e  f a c t  t h a t  
1l t h e  c o e f f i c i  n t s  are p o i n t s  on a con t inuous  a p p a r a t u s  f u n c t i o n .  
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Because of t h i s  i 1 l - @ o n d i t i o n i n g ,  i t e r a t i v e  t echn iques  have 

been widely used t o  approximate t h e  d e s i r e d  s o l u t i o n .  

One of t h e  e a r l i e s t  i t e r a t i v e  t echn iques  t o  be a p p l i e d  

t o  deconvolu t fon  is a method af s u c c e s s i v e  approximat ions  

due t o  van C i t t e r t , 1 2  d i s c u s s e d  by Burger  and van C i t t e r t ,  

and c a l l e d  t h e  s i m p l e s t  method o f  s t e e p e s t  d e s c e n t  by T a l .  

Much l i t e r a t u r e  is a v a i l a b l e  on t h e  use  of van C i t t e r t ' s  

i t e r a t i o n  f o r  deconvo lu t ion .  6 9  15-2p 

13 14 

11 

Another  i t e r a t i v e  

t echn ique  which  can  be used f o r  deconvo lu t ion  is t h e  J a c o b i  
22 i t e r a t i . s n  (see f o r  example R a l s t o n  ) o  The J a c o b i  i t e r a t i o n  

can  be 'over - re laxed"  r e s u l t i n g  i n  Von Mises' i t e r a t i o n ,  23 

which  can  always be made t o  converge f o r  a p o s i t i v e  d e f i n i t e  

c o e f f i c i e n t  m a t r i x .  Another i t e r a t i v e  t echn ique  which is 

g e n e r a l l y  favored  o v e r  t h e  J a c o b i  i t e r a t i o n  because of its 

more r a p i d  convergence,  is c a l l e d  t h e  Gauss-SeideP i t e r a t i o n  

and seems t o  be due t o  SeideP.  24 A symmetric o r  double  

sweep v e r s i o n  of  t h i s  i t e r a t i o n  was r e p o r t e d  b y  Ai tksn .  25 

Both t h e  Gauss-Seidel and its m o d i f i c a t i o n  by Ai tken  c a n  be 

shown t o  converge f o r  a p o s i t i v e  d e f i n i t e  c o e f f i c i e n t  

The Gauss-Seidel  method can  a l s o  be ' ove r - r e l axed '  

t o  h a s t e n  convergence,  T h i s  t echn ique  is c a l l e d  s u c c e s s i v e  
27 o v e r - r e l a x a t i o n  o r  SOR, and k s c r e d i t e d  t o  Young, 

Also there  a r e  t h e  '9gneadien%9s i t e r a t i v e  t e c h n i q u e s  

d e r i v e d  from t h e  minimiza t ion  of t h e  q u a d r a t i c  f u n c t i o n a l .  

The s t a n d a r d  method o f  s t e e p e s t  d e s c e n t  first proposed by 

and d i s c u s s e d  by S t i e fe12 '  and Tal" c a n  be used 

f o r  d e c o n v o l u t i s n  and will always eonverge  f o r  a p o s i t i v e  
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d e f i n i t e  c o e f f i c i e n t  m a t r i x .  l1 An a c c e l e r a t e d  s t e e p e s t  

d e s c e n t  method3' was a l s o  used by T a l .  l1 The method of 

c o n j u g a t e  g r a d i e n t s  is a s p e c i a l  m o d i f i c a t i o n  o f  t h e  s t e e p e s t  
31 d e s c e n t  method, and was f i r s t  used by Hestenes and S t i e f e l .  

I t  is a c t u a l l y  a d i rec t  method s i n c e  i t  t h e o r e t i c a l l y  converges  

i n  a f i n i t e  number of  s t e p s .  However, i n  p r a c t i c e  due t o  

round-off e r r o r s  t h e  i t e r a t i o n  is con t inued  u n t i l  t h e  d e s i r e d  

accu racy  is o b t a i n e d .  These i t e r a t i v e  t echn iques  a r e  

d i s c u s s e d  i n  s e c t i o n  VI. 

By F o u r i e r  t r a n s f o r m i n g  t h e  convo lu t ion  i n t e g r a l  

e q u a t i o n  a s imple  a l g e b r a i c  e q u a t i o n  can  be ob ta ined  which is 

e a s i l y  t ransformed t o  g i v e  t h e  d e s i r e d  s o l u t i o n .  I n  a c t u a l  

c a l c u l a t i o n s  a F o u r i e r  series is used and on ly  a f i n i t e  

number of  t e r m s  a r e  c o n s i d e r e d .  The F o u r i e r  t r a n s f o r m  

method has become q u i t e  p o p u l a r  and much l i t e r a t u r e  is 

a v a i l a b l e  r e l a t i n g  t o  t h e  u s e  of t h e  F o u r i e r  t r a n s f o r m  method 

f o r  d e c o n v o l u t i ~ n . ~ ~ ~ ~ ~ ~ ~ ~ ~ l  Another method for deconvolu- 

tion which  is e a s i l y  d e r i v e d  from t h e  F o u r i e r  t r a n s f o r m  

approach is ca l l ed  t h e  ' d e r i v a t i v e  method. v42-46 The F o u r i e r  

t r a n s f o r m  and d e r i v a t i v e  methods a r e  d i s c u s s e d  i n  s e c t i o n  V 

of  t h i s  work. 

Another  deconvo lu t ion  t echn ique ,  which shou ld  be noted  

because of its i n c r e a s i n g  p o p u l a r i t y ,  is a t echn ique  i n  which 

t h e  sys t em of l i n e a r  e q u a t i o n s  d e f i n i n g  t h e  convo lu t ion  

p r o c e s s  is o v e r s p e c i f i e d  and t h e n  some method of l e a s t  

s q u a r e s  f i t t i n g  is used t o  s o l v e  for the  unknowns. 39 ,40 ,47-51  

Both d i r e c t  and i t e r a t i v e  t echn iques  have been used t o  

c a l c u l a t e  t h e  l e a s t  s q u a r e s  f i t .  
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Decoqvolut ion u s i n g  t h e  p r o p e r t i e s  of t h e  e i g e n v a l u e s  

and e i g e n f u n e t i o n s  of t h e  c o n v o l u t i o n  i n t e g r a l  o p e r a t o r  is 

d i s c u s s e d  i n  s e c t i o n  V I E .  T h i s  method of deconvo lu t ion  has  

been used by s e v e r a l  workers  16952-54 t o  ana lyze  t h e  decon- 

v o l u t i o n  p r o c e s s ,  I n  a c t u a l  c a l c u l a t i o n s  one dea ls  w i t h  t h e  

e i g e n v a l u e s  and e i g e n v e c t o r s  of t he  c o e f f i c i e n t  m a t r i x .  

Perhaps  a t  t h i s  p o i n t  some g e n e r a l  r e f e r e n c e s  on 

numer ica l  deconvo lu t ion  shou ld  be noted .  An e x c e l l e n t  review 

of i t e r a t i v e  t e c h n i q u e s  is found i n  Mar t in  and Tee, 23 and 

many books on t h e  t o p i c  of numer ica l  a n a l y s i s  ( s e e  f ~ r  example,  

Rals ton,"  Hi ldebrand ,  55 and John56) d i s c u s s  them i n  some 

d e t a i l .  S e v e r a l  more r e f e r e n c e s  on numer ica l  t e c h n i q u e s  

a r e  a v a i l a b l e ;  57-62 and,  MikusinskiB3 and Berg64 t a l k  abou t  

c o n v o l u t i o n  t r ans fo rms  i n  t e r m s  o f  o p e r a t i o n a l  c a l c u l u s .  

1.3 E r r o r s  i n  DeconvoPution -_ 
S i n c e  the  deconvo lu t ion  ~ P O C ~ S S  is prone t o  n o i s e  01" 

ermrs due to t h e  i l l - c o n d i t i o n i n g  or i n s t a b i l i t y  of t h e  

e q u a t i o n s ,  many of  t h e  works on numer ica l  deconvo lu t ion  

draw a t t e n t i o n  t o  t h e  e f f e c t s  of e r r o r s  and/or  d i s c u s s  t h e  

5 , 1 6 , 1 9 , 3 2 , 3 3 , 3 6 , 5 0 , 5 1 , 5 3 , 5 4 , 6 5 - 6 7  problem t h e o r e  t i c a l l y  
32 Worth p a r t i c u l a r  mention a r e  t h e  works of Rau t fan  and 

Rushfor th  and Har r i s54  on t h i s  t ~ p i c .  I n  t h i s  v e i n  a s  w e l l ,  

several  a u t h o r s  d i s c u s s  c o n v o l u t i o n  and deconvo lu t ion  i n  

terms of i n f o r m a t i o n  t h e o r y ,  1y68-70 The e f f e c t s  of  n o i s e  

and errors a r e  d i s c u s s e d  i n  s e c t i o n  B I I I  of  t h i s  work. 
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1.4  

Up t o  t h i s  p o i n t  t h e  methods l i s t e d  have been of  t h e  

numer ica l  t ype  which a r e  u s u a l l y  implemented w i t h  t h e  a i d  

of a high-speed d i g i t a l  computer.  There a l s o  has, been a 

f a i r  amount of work u s i n g  e l e c t r o n i c  ana log  d e v i c e s  t o  

e f f e c t  deconvo lu t ion .  The work r e l a t i n g  t o  ana log  methods 

can  be broken down i n t o  two g e n e r a l  a r e a s .  Analog d e v i c e s  

which s imply  convo lu te  compr ise  t h e  f i r s t  a r e a ,  which w i l l  

be c a l l e d  i n d i r e c t  methods. I n  o r d e r  t o  deconvolu te  w i t h  an  

a n a l o g  d e v i c e  which is c a p a b l e  o n l y  of c o n v o l u t i o n ,  t h e  

accep ted  t echn ique  is t o  have a t r a i n e d  o p e r a t o r  who 

proposes  a s o l u t i o n ,  c o n v o l u t e s  i t  w i t h  t h e  a p p a r a t u s  f u n c t i o n ,  

and then  checks  t o  see i f  i t  matches t h e  problem t o  be decon- 

v o l u t e d .  If i t  d o e s n ' t ?  a n o t h e r  s o l u t i o n  is proposed and t h e  

p r o c e s s  is r e p e a t e d .  T h i s  c o n t i n u e s  u n t i l  t h e  o p e r a t o r  is 

convinced t h a t  t h e  s 0 1 u t i o n  f i t s .  T h i s  amounts t o  having  

a human i n  a f e e d  back l o o p ,  and ,  u n f o r t u n a t e l y  there  is no 

way i n  which a s o l u t i o n  s o  o b t a i n e d  c a n  be ma themat i ca l ly  

demonst ra ted  t o  be unique .  I n  t he  a r e a  of  i n d i r e c t  ana log  
72 methods,  French ,  e t  ax7' and Noble,  e t  a 1  p r e s e n t e d  

i n s t r u m e n t s  which e s s e n t i a l l y  sum c u r v e s  i n  o r d e r  t o  

s i m u l a t e  t h e  c o n v o l u t i o n  p r o c e s s ;  and P ~ o f o s ~ ~  r e p o r t e d  an 

e l ec t ro -mechan ica l  ana log  d e v i c e  f o r  c o n v o l u t i o n .  Diamantides  74 

and KindPemann75 developed h i g h  speed  e l e c t r o n i c  c o r r e l a t i o n  

computers which are  somewhat d i g i t a l  i n  n a t u r e ;  Zverev and 

O r P a f , 7 6  and Bre ton  and HirschbergT7 used e l e c t r o - o p t i c a l  

v i c e s  f o r  per forming  c o n v o l u t i o n s .  
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The second a r e a  is composed of ana log  d e v i c e s  which 

u s e  a d i r ec t  method for deconvo lu t ion ;  i . e . ,  d e v i c e s  whose 

o p e r a t i o n  can  be shown t o  be ma themat i ca l ly  e q u i v a l e n t  t o  

one of t h e  d i rec t  o r  i t e r a t i v e  numer ica l  t echn iques .  I n  

t h e  area o f  d i r e c t  methods, t h e  s i m p l e s t  approach is t o  use  

s t a n d a r d  a n a l o g  computer t e c h n i q u e s  t o  s o l v e  s imul t aneous  

e q u a t i o n s  (see f o r  example Goldberg.  ‘9 Dolby, 7 9 9 8 0  and 

Dolby and C o s s l e t t ”  used t h i s  approach t o  t h e  problem; 

b u t ,  f o r  more t h a n  a few unknowns ( they  had on ly  three) t h e  

c i r c u i t r y  becomes fo rmidab le  and somewhat u n s t a b l e ,  a g a i r  

due t o  t h e  i l l - c o n d i t i o n i n g  of  t h e  sys tem of e q u a t i o n s ,  
82  A l l e n ,  Gladney, and Glarurm 

methods f o r  r e s o l u t i o n  enhancement which have f o r  a mathe- 

m a t i c a l  b a s i s  t h e  d e r i v a t i v e  method d e s c r i b e d  e a r l i e r .  

Z o r n e r ~ ~ ~  proposed an in s t rumen t  u s i n g  a s p e c i a l  magnet ic  

t a p e  a p p a r a t u s  whose b a s i s  was a l s o  t h e  d e r i v a t i v e  method, 

Krishnamurty,  84 and Korsunsk i i  and G e r ~ k i n ~ ~  r e p o r t e d  t h e  u s e  

of ana log  d e v i c e s  which were based upon i t e r a t i v e  numer ica l  

t e c h n i q u e s ,  The most s o p h i s t i c a t e d  d i rec t  ana log  methods 

a r e  found i n  t h e  a u t o m a t i c  a n a l o g  d e v i c e s  proposed anq 

developed b y  Kendal1. 86-90 

t he  m o d i f i c a t i o n  o f  many of  t h e  i n d i r e c t  ana log  methods 

(e .g .  t h e  o p t i c a l  methods o f  c o n v o l u t i o n  76979 i n  o r d e r  t u  

have them deconvolu te  a u t o m a t i c a l l y  u s i n g  8 d i r e c t  method. 

A l a t e r  e l e c t r o s t a t i c  a n a l o g  computer was proposed by 

Kendal l  developed by PZabSelski and r e p o r t e d  by Kendal l  

and Z a b i e l s k i .  92 

and G l a r ~ m ~ ~  used a n a l o g  

P P  

I n  a p a t e n t ,  Kendal188 sugges t ed  

S e c t i o n  I X  of t h i s  work w i l l  be devoted  
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t o  a d e s c r i p t i o n  of t h i s  i n s t r u m e n t ,  its o p e r a t i o n  and pe r -  

formance, and v a r i o u s  egpe r imen ta l  r e s u l t s .  I t  w i l l  be 

shown t h a t  t h i s  i n s t rumen t  performs a modified symmetric 

Gauss-Seidel i t e r a t i o n ,  and t h e  effects  of v a r i o u s  parameters  

on convergence w i l l  be demonstrated.  



CHAPTER 11 

STATEMENT OF THE PROBLEM 

The g e n e r a l  problem is t h a t  o f  r e c o v e r i n g  i n f o r m a t i o n  

which has been t ransformed i n  t h e  p r o c e s s  of  i ts measurement 

o r  d e t e c t i o n  i n  a c h a r a c t e r i s t i c  manner which can  be d e s c r i b e d  

by a l i n e a r  c o n v o l u t i o n  o p e r a t i o n .  For t h e  measuring or 

d e t e c t i o n  p r o c e s s  t o  be shown t o  be a l i n e a r  o p e r a t i o n ,  

t h e  law of s u p e r p o s i t i o n  must a p p l y  (e .g .  an  i n p u t  which is a 

sum of s e v e r a l  d i s t i n c t  s i g n a l s  must r e s u l t  i n  a n  o u t p u t  which 

is t h e  sum of t h e  o u t p u t s  which each one of t h e  d i s t i n c t  

i n p u t s  would produce s e p a r a t e l y ) ,  and t h e  c h a r a c t e r i s t i c  

d i s t o r t i o n  f u n c t i o n  or  a p p a r a t u s  f u n c t i o n  must remain t h e  

same t o  w i t h i n  a m u l t i p l i c a t i v e  c o n s t a n t  o v e r  t h e  e n t i r e  

r e g i o n  of t h e  independent  variables ove r  which t h e  problem 

is d e f i n e d .  

- 

The s p e c i f i c  goal of t h i s  work is t o  review and 

e v a l u a t e  a v a i l a b l e  t e c h n i q u e s  for performing  deconvo lu t ion .  

R e s u l t s  o b t a i n e d  u s i n g  t h e  RM-5 a n a l o g  d e v i c e  which h a s  been 

developed i n  t h i s  l a b o r a t o r y  w i l l  be r e p o r t e d ,  a long  w i t h  a 

mathemat ica l  d e s c r i p t i o n  of  its o p e r a t i o n .  



CHAPTER 111 

TKE CONVOLUTION INTEGRAL 

3.1 Some P r o p e r t i e s  of  t h e  Convolut ion I n t e g r a l  

Assuming t h a t  t h e  broadening  or d i s t o r t i o n  of s p e c t r a l  

d a t a  can  be descr ibed a s  t h e  convo lu t ion  of t h e  t r u e  d a t a  

i n p u t  t o  an in s t rumen t  and t h e  c h a r a c t e r i s t i c  d i s t o r t i o n  

f u n c t i o n  of  t h e  i n s t r u m e n t ,  t h e  problem becomes one of  

s o l v i n g  t h e  i n t e g r a l  e q u a t i o n  which r e p r e s e n t s  t h e  convolu-  

t i o n  p r o c e s s .  Equat ion  (1)  describes t h e  c o n v o l u t i o n  of two 

f u n c t i o n s  A(x) and T ( x ) .  
co 

F ( x )  = ~ A ( x - x * )  T(x') dx '  
"co 

P(x>  r e p r e s e n t s  t h e  r eco rded  o u t p u t  d a t a  from a n  i n s t r u m e n t ;  

T ( x v )  describes t h e  t r u e  i n p u t  d a t a  t o  t h e  i n s t r u m e n t ,  and 

A(x-xP 9 t h e  c h a r a c t e r i s t i c  f u n c t i o n  of t h e  in s t rumen t .  

Equat ion  (1) can  be thought  of a s  r e p r e s e n t i n g  a t ransforma-  

t i o n  which t a k e s  a f u n c t i o n  T ( x ' )  i n  t h e  x '  s p a c e  and maps 

i t  o n t o  a n o t h e r  s p a c e  spanned by x ,  r e s u l t i n g  i n  F ( x ) .  I t  

is i n s t r u c t i v e  t o  examine some s p e c i a l  c a s e s  of  e q u a t i o n  ( 1 ) .  

If one l e t s  

where 6 is t h e  Di rac  d e l t a  f u n c t i o n ;  t hen  one f i n d s  

P ( x )  = T(x)  
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T h i s  means t h a t  e q u a t i o n  (2) descr ibes  t h e  ' ' i dea lV '  i n s t r u m e n t ;  

i . e . ,  one which s imply  r ep roduces  t h e  i n p u t  d a t a  e x a c t l y .  

F u r t h e r  i f  one l e t s  

t h e  r e s u l t  is: 

P ( x )  = A ( x )  (5) 

and i n  t h i s  c a s e  t h e  o u t p u t  of t h e  i n s t r u m e n t ,  F(x), is j u s t  

t h e  c h a r a c t e r i s t i c  f u n c t i o n  of t h e  i n s t r u m e n t ,  A(x) ,  o r  its 

re sponse  t o  a d e l t a  f u n c t i o n  i n p u t .  Another i n t e r e s t i n g  

p r o p e r t y  of t h e  c o n v o l u t i o n  i n t e g r a l  c a n  be found by i n t e -  

g r a t i n g  e q u a t i o n  (1) w i t h  r e s p e c t  t o  x 

0 3 0 3  7 F(x)dx  = A(x-xq)  T ( x 9 ) d x ' d x  
'eo -eo .-OB 

and r e w r i t i n g  e q u a t i o n  (6) a s :  

oe, 03 6 F(x)dx  = s A(z)dz 1 T ( x 9 ) d x '  
-03 -03 ' 0 3  

Now if one r e q u i r e s  A(x-xS)  t o  be normal ized;  i . e .  , 

A(x)dx = 1 6 
-eo 

(7) 

t hen  e q u a t i o n  (7) r educes  t o  
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what t h i s  i m p l i e s  is t h a t  i f  A(x-xa)  is normal ized ,  t h e n  

a r e a  is p r e s e r v e d  by t h e  t r a n s f o r m a t i o n  of e q u a t i o n  1. A l l  

of t h e  above p r o p e r t i e s  are w e l l  known .. 63 

3.2 Real  Convolu t ion  Problems w i t b  F i n i t e  L i m i t s  

I n  a l l  of t h e  p r a c t i c a l  c a s e s  w i t h  which t h i s  

r e p o r t  w i l l  d e a l ,  F(x) w i l l  be d e f i n e d  ove r  some f i n i t e  

i n t e r v a l  ( a ! , B )  and be p o s i t i v e  d e f i n i t e  and con t inuous  

o v e r  t h a t  i n t e r v a l ;  which i m p l i e s  t h a t  F ( x )  goes t o  z e r o  

a t  x=a! and  x-B, and is i d e n t i c a l l y  z e r o  f o r  X-a! and x-Bo < > 

T h i s p a l o n g  w i t h  t h e  f a c t  t h a t  A and T w i l l  be assumed t o  be 

f u n c t i o n s  d e f i n e d  i n  t h e  same manner a s  I?, f u r t h e r  i m p l i e s  

t h a t  e q u a t i o n  1 becomes: 

which is immediately recognized  a s  a s p e c i a l  c a s e  of t h e  

Predholm Equat ion  of t h e  F i r s t  Kind, which is u s u a l l y  

P ( x ) -  A ( x , x v )  T ( x 9 )  dx’  ,rb 
F i g u r e  1 i l l u s t r a t e s ,  s c h e m a t i c a l l y ,  a t y p i c a l  c o n v o l u t i o n  

as  d e s c r i b e d  by e q u a t i o n  (IO). 
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X 

F i g u r e  1 

A schematic example of the convo lu t ion  p r o c e s s .  



CHAPTER I V  

NUMERICAL FORMULATION OF THE PROBLEM 

I n  a l l  b u t  v e r y  s p e c i a l  p r a c t i c a l  c a s e s ,  t h e  appar -  

a t u s  f u n c t i o n  A(x-xV)  is n o t  known i n  c l o s e d  form, b u t  

r a t h e r  is o b t a i n e d  by recording t h e  r e sponse  o f  t h e  i n s t r u -  

ment t o  a 6 f u n c t i o n  i n p u t  ( i Q e o 7  an i n p u t  which is a s  

n e a r l y  l i k e  a 6 f u n c t i o n  a s  is p r a c t i c a l ) .  Then t h e  prob- 

l e m  becomes one of  s o l v i n g  e q u a t i o n  (10) numer i ca l ly  when 

F ( x )  and A ( x - x v )  a r e  known. To s o l v e  t h e  problem 

n u m e r i c a l l y ,  one must t a k e  a f i n i t e  number of p o i n t s  t o  

d e s c r i b e  P(x)  and A(x-x') and also s o l v e  f o r  a f i n i t e  

number of p o i n t s  which w i l l  describe T ( x ' ) .  I f  one t a k e s  

N e q u a l l y  spaced  p o i n t s  i n  t h e  i n t e r v a l  ( a , b )  ove r  which  

F ( x )  is d e f i n e d ,  t h e n  l e t t i n g  

xn=a -t e ('b-a)fN-l)] (n-1) n = 1 L1 ., e .  N (12) 

one can  d e f i n e  a set  n ]  of N p o i n t s  which r e p r e s e n t  P ( x ) ,  

where 

Then i f  one s i m i l a r l y  d e f i n e s  

(14) e nl x v  n =a -e (b-ay(N-l)I (n-1) ;  n = l ,  9 N  

and 

T n = T ( x v n )  (15)  

$f A ( x )  is symmetric about  x-0 and F ( X ) E Q ~ , ~ ) ~  then  8.11 

T h 9  Q c a m  
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one can  a l s o  d e f i n e  

S u b s t i t u t i n g  t h e  r e s u l t s  o f  e q u a t i o n s  (13), @5), and (16) i n t o  

e q u a t i o n  (10) and 

o b t a i n s :  
N 
1 

m- '1 

But equa t ion(l7a) 

r e p l a c i n g  t h e  i n t e g r a l  by a sum, one 

AnmTm 21 

s imply  d e f i n e s  t h e  m a t r i x  e q u a t i o n  which 

is commonly used t o  descr ibe a s y s t e m  of N l i n e a r  s imul-  

taneous  e q u a t i o n s  i n  N unknowns. The T a r e  t h e  N unknown 

e lements  of a N x 1 m a t r i x  ( v e c t o r ) ,  t h e  Anm are t h e  

e lements  o f  t h e  N x N c o e f f i c i e n t  m a t r i x ,  and t h e  Fn a r e  

t h e  e l emen t s  o f  a N x 1 m a t r i x  ( v e c t o r )  which  is known. 

Equat ion  (17)can be w r i t t e n  i n  s t a n d a r d  m a t r i x  form: 

m 

Ax=b (18) 

where t h e  e l emen t s  of  A a r e  Anm t h o s e  of  x are 91" 

t h o s e  of  b a r e  F n o  F i g u r e  2 i l l u s t r a t e s  t h i s  p rocedure  

f o r  a t y p i c a l  problem, (Note t h a t  x i n  e q u a t i o n  (l8) now 

r e p r e s e n t s  an  unknown v e c t o r ,  n o t  an independent  v a r i a b l e  

a s  i t  d i d  p r e v i o u s l y . )  

and 
9 m 9  

K is a s c a l e  f a c t o r  e q u a l  t o  t h e  increment  between 

p o i n t s  of T ( x > ,  For  s i m p l i c i t y  i t  w i l l  be assumed e q u a l  

t o  one,  
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FIGURE 2 

An example of c o n v o l u t i o n  done numerical ly  u s i n g  discrete p o i n t s .  
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T h e o r e t i c a l l y  now t h e  problem is j u s t  t h a t  of 

i n v e r t i n g  an N x N m a t r i x ,  f o r  a s  one m u l t i p l i e s  e q u a t i o n  

@8) by t h e  i n v e r s e  of  A , A - l  t h e  r e s u l t  is: 

x = A-'b (19) 

However, a s  soon a s  t h e  o r d e r  of A g e t s  modera te ly  l a r g e  

( N = 3 0  t o  401, A becomes more n e a r l y  s i n g u l a r ;  i . e . ,  

l i m i t  ( d e t  A )  = 0 (20) 
N - 0 0  

1 1 , 5 3 , 6 5 , 6 6 .  and 
due t o  t h e  c o n t i n u o u s  n a t u r e  of A(x-xq)  9 "  

di rec t  methods Weak down due t o  f i n i t e  round-off e r r o r  i n  

any numer ica l  c a l c u l a t i o n .  T h i s  problem w i l l  be d i s c u s s e d  

i n  d e t a i l  i n  a l a t e r  s e c t i o n .  The f a c t  t h a t  d e t  A is 

s m a l l  means t h a t  t h e  sys tem of e q u a t i o n s  is " i l l - c o n d i -  

t ioned" I For  s o l v i n g  i l l - c o n d i t i o n e d  s y s t e m s ,  8-10 

i t e r a t i v e  t e c h n i q u e s  a r e  g e n e r a l l y  t h e  most s u c c e s s f u l ,  



CHAPTER V 

DECQNVQEUTIQN BASED ON FOURIER TECHNIQUE3 

5 .1  The F o u r i e r  Transform o r  S e r i e s  Approach 

Many workers  6’21’32741 have r e p o r t e d  on t h e  a p p l i c a t i o n  

of  t h e  F o u r i e r  t r a n s f o r m  t o  s o l v e  t h e  convo lu t ion  i n t e g r a l .  

Using an approach s i m i l a r  t o  t h a t  of Rau t i an  i f  one 32  

Four i e r - t r ans fo rms  e q u a t i o n  (1J9 

Upon y a n i p u l a t i o n  t h i s  becomes: 

which c a n  be f u r t h e r  reduced t o  
€0 

dx ’ f ( m j  = J a ( w )  T b V ) e  iax 

“60 

and f i n a l l y  
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where f ( w ) ,  a (w),  and t (o )  r e p r e s e n t ,  r e s p e c t i v e l y ,  t h e  

F o u r i e r  t r ans fo rms  of  F ( x ) ,  A(x) ,  and T ( x ) .  Solving 

equa t ion  (21) for t ( w )  and doing a n  i n v e r s e  F o u r i e r  t r ans fo rm,  

t h e  r e s u l t  is 

Hence, i n  t h e o r y ,  one needs on ly  t o  F o u r i e r  t ransform F(x)  

and A(x),  and t h e n  u s e  e q u a t i o n  f22) t o o b t a i n  T(x ) .  However, 

i n  p r a c t i c e ,  t h i s  t echn ique  is found t o  be h i g h l y  s u s c e p t i b l e  

t o  n o i s e  329 36 and o n l y  moderate r e s o l u t i o n  enhancement 

( f a c t o r s  of 2 t o  4)  is u s u a l l y  ob ta ined  by  t h i s  method. 

A s i m i l a r  t r e a t m e n t  can be used f o r  ana lyz ing  

e q u a t i o n  (lr) i n  terms of a discrete F o u r i e r  expansion.  If 

one starts w i t h  

n= --o 
00 - 

i n  (x-x * ) A ( x - x ' )  

i n x  ' T ( x ' )  = 

nm- -00 

where F ( x ) ,  Atx) ,  and T(x)  are  de f ined  on ly  on t h e  i n t e r v a l  

(-T,T) on x ,  t h e n  one can f i n d  t h e  r e l a t i o n :  



i n  analogy w i t h  e q u a t i o x  (21). T h i s  g e n e r a l  t echnique  can be 

used t o  ana lyze  equa t ion  (1 ) in  t e r m s  of any l i n e a r  i n t e g r a l  

t r ans fo rm o r  expand t h e  f u n c t i o n s  i n  t e r m s  of any complete 

or thonormal  set  of f u n c t i o n s .  

5,2 The D e r i v a t i v e  Method 

Another method f o r  deconvolu t ion  which is f r e q u e n t l y  

r e p o r t e d  i n  t h e  l i t e r a t u r e ,  t h e  ' D e r i v a t i v e  Method ,42946 is 

d e r i v e d  from t h e  F o u r i e r  t ransform method. F i r s t  one 

expands t h e  r e c i p r o c a l  o f  t h e  F o u r i e r  t ransform of A(x) i n  

a Taylor series of t h e  form 

and then  t h i s  r e s u l t  is s u b s t i t u t e d  i n t o  e q u a t i o n  22:  

Next, u s i n g  t h e  d e f i n i t i o n  of f ( o ) ,  e q u a t i o n  (26) can be 

r e w r i t t e n  

o r  r e a r r a n g i n g  
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But t h e  t e r m  i n  b r a c k e t s  i n  e q u a t i o n  (2'7) c a n  be expressed  as 

t h e  n ' t h  d e r i v a t i v e  of t h e  Dirac de l t a  f u n c t i o n  46 D . 

With t h i s  i n fo rma t ion ,  e q u a t i o n  (27) beciomes 

which e x p r e s s e s  T(x)  i n  terms of t h e  d e r i v a t i v e s  of F ( x ) ,  

hence t h e  name ' D e r i v a t i v e  Method!. 

be expressed  i n  t e r m s  of t h e  moments of t h e  appa ra tus  

f u n c t i o n .  Equat ion (25) can be w r i t t e n :  

The c o n s t a n t s  {cn] can 

1 
c n ( i O ) n  = Go 

Wmm 
n-0 & S A ( x ) e  i OX dx 

Then u s i n g  t h e  power sePies expansion f o r  a n  e x p o n e n t i a l ,  

e q u a t i o n  (31) is ob ta ined  

00 m 
n 

c n ( i w >  
n-0 

from which t h e  cn can be e v a l u a t e d  i n  t e r m s  of the  moments 

of A ( x )  ( s e e ,  for example, Z o ~ n e r ~ ~ ) .  

s een  t h a t  t h i s  method a l s o  is prone t o  n o i s e ,  as t h e  

19 . 
I t  can be e a s i l y  
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p r o c e s s  of d i f f e r e n t i a t i o n  enhances n o i s e ;  and hence i n  

p r a c t i c e  t h e  series f o r  T(x) i n  e q u a t i o n  (29)  must be 

t r u n c a t e d  before t h e  n o i s e  l e v e l  becomes i n t o l e r a b l e .  



CHAPTER VI 

NUMERICAL ITERATIVE TECHNIQUES 

6.1 The Jacobi and Gauss-Seidel Iterations 

A numerical iterative method which is commonly used to 

solve ill-conditioned equations of the form shown in 

equation (18) uses the following formulae: 

"NN 

In equations (321,the superscript denotes the iteration 

number and the subscript denotes the component of the 

vector x, The iterative method defined by equations (32) is 

sometimes called the Jacobi iteration ., 22 

Another iterative technique which is commonly called 

the Gauss-Seidel technique24 uses formulae similar to 

equations (32) with the modification that the most recently 

calculated value of each x is used when calculating the 

new value of any component, x 
i 

J 
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( i + l ) -  1 - -  

11 a 1 X 

1 

22 

- 
a 2 X 

(i+l) 1 = -  

NN a N X 

Equat ions  (33) d e f i n e  t h e  Gauss-Seidel t echn ique ,  These 

i t e r a t i v e  methods, which w i l l  be  r e f e r r e d  t o  as t h e  J a c o b i  

i t e r a t i o n  for e q u a t i o n s  (32)  and t h e  Gauss-Seidel i t e r a t i o n  

f o r  e q u a t i o n s  (33),  may o r  may no t  converge depending upon 

t h e  form of t h e  c o e f f i c i e n t  m a t r i x  A i n  e q u a t i o n  (18). A 

g e n e r a l  c r i t e r i o n  f o r  convergence is t h a t  a m a t r i x  i n  which 

t h e  main .d iagona1  dominates;  i * e o 9  one i n  which t h e  l a r g e s t  

t e r m  i n  any row is t h e  t e r m  on t h e  main d i agona l ,  has  a 

better p r o b a b i l i t y  f o r  convergence. However, a more 

e x p l i c i t  d e f i n i t i o n  of t h e  convergence c r i t e r i a  is d e s i r a b l e .  

If one rewrites e q u a t i o n s  (32) as shown i n  e q u a t i o n  (34) 

and e q u a t i o n  (33) a s  shown I n  e q u a t i o n  (35) 
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it becomes immediately obvious that equations (34) and (35)  

can be rewfitten in matrix form as shown in equations (36) 

and (3'7) respectively 22 

Jacobi 

The elements of the matrices D,L, and U are defined in 

equations (38); and this decomposition of the matrix A is 

S~QWII schematically in Figure 3 .  

- - O ; i # j  

ii; 
di j a i = j  

0 ; i > j  - 
1 J  a " i < j  
1.. . = 

i j  ' 
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H 

Figure 3 
GrapMc represenkatitbn of the decompositioh 

bf the emefficient matrix A 
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Solv ing  e q u a t i o n s  (36) and (37) f o r  x (i+’)p one o b t a i n s  

e q u a t i o n s  (39) and (40) 22 

Jacobi 

(’+’) = ( D  + L) -1 (b  - U x  (i)) X 

Gauss -Se ide  1 

Now as  one f u r t h e r  l e t s  x ( O )  = 0 as is t h e  gene ra1  p r a c t i c e  

w i t h  these i t e r a t i v e  t echn iques ,  u n l e s s  one has  a good 

approximate s o l u t i o n  w i t h  which t o  beg in ,  e q u a t i o n s  (39) 

and (40) can  be used t o  e x p r e s s  x (i+l) i n  terms of a power 

series fo r  t h e  Jacob i  and Gauss-Seidel  i t e r a t i o n s  

r e s p e c t i v e l y ,  

Gauss -Seide1 

Both of these series w i l l  converge i f  and on ly  i f  t h e  t r u e  

normsas d e f i n e d  i n  appendix I, of  t h e  m a t r i x  t e r m  which is 
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raised t o  t h e  power, i n  each of them, is < 1 i n  analogy t o  

an a l g e b r a i c  power series, A s u f f i c i e n t  b u t  n o t  necessa ry  

c r i t e r i o n  f o r  convergence is t h a t  t h e  E u c l i d i a n  norm, as 

d e f i n e d  by e q u a t i o n  ( 4 3 ) ,  f o r  any m a t r i x  E 

NE(E) E (43)  

be < 1560 

t o  p u t  bounds on t h e  t r u e  norm56 a s  shown i n  e x p r e s s i o n  (44 ) .  

One can also u s e  t h e  E u c l i d i a n  norm of a m a t r i x  

9 

where M is t h e  o r d e r  of t h e  matrix.  However, i t  can be 

shown t h a t  t h e  t r u e  norm of a m a t r i x  is' e q u a l  t o  the  

magnitude of its l a r g e s t  e igenva lue  ( s e e  Appendix I ) .  

F u r t h e r  i f  t h e  J a c o b i - i t e r a t i o n  converges f o r  a s y s t e m  of 

e q u a t i o n s ,  t h e n  t h e  Gauss-SeldeP i t e r a t i o n  u s u a l l y  w i l l  a l s o  

converge and w i l l  do s o  more r a p i d l y 2 2 .  

i t e r a t i o n  is r a r e l y  used i n  f a v o r  of t h e  Gauss-Seidel  

i t e r a t i o n ,  

Hence the  J a c o b i  

The Gauss-Seidkl i t e r a t i o n  w i l l , a l w a y s  converge f o r  a 

s y s t e m  of e q u a t i o n s  i f  the c o e f f i c i e n t  m a t r i x  A is p o s i t i v e  

d e f i n i t e 2 6 ,  A m a t r i x  A ,  is s a i d  t o  be p o s i t i v e  d e f i n i t e  i f  

i t  s a t i s f i e s  t h e  c o n d i t i o n  expressed  by e q u a t i o n s  (45)  26 0 
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T A = B B  

Nl a 
O -  "NN 

all > 0 

If one is working with a system of equations as defined by 

equation (18) in which the coefficient matrix is not 

positive definite, the system can be transformed by 

multiplying equation (18) by AT from the left, as shown in 

equation (46) : 

T T A A x = A b  

Equation (46) can be written as 

T where A D  E A A ,  and is positive definite by definition, 

and b B = A  b. Then one can proceed to use the Gauss-Seidel ' T  

iteration to solve equation (47) for x, It is interesting 

to note that a coefficient matrix A which satisfies 

equation (45) corresponds Lo an apparatus function which 

can be expressed as the convolution of some function B(x) 

with. itself; ioeo9 

a 
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A(x) = f B(x-x8)  B ( x ' )  d x v  
-a 

Another way of s t a t i n g  t h i s  is t h a t  A(x) is t h e  au to -  

c o r r e l a t i o n  f u n c t i o n  of some o t h e r  f u n c t i o n ,  Some of t h e  

common a p p a r a t u s  f u n c t i o n s  which f a l l  i n t o  t h i s  c a t e g o r y  

are t h e  Gaussian,  Loren tz i an ,  and t r i a n g u l a r  f u n c t i o n s  ., 

6.2 Relaxed Versions of t h e  J a c o b i  and t h e  Gauss-Seidel 

Methods 

The J a c o b i  i t e r a t i o n  can be over - re laxed  t o  h a s t e n  

convergence. The new i t e r a t i o n  is called t h e  von Mises' 

i t e r a t i o n  If one rewrites e q u a t i o n  (36) i n  t h e  fo l lowing  23 

form 

von Mises' i t e r a t i o n  is a s imple  m o d i f i c a t i o n  a s  shown i n  

e q u a t i o n  ( 5 0 ) :  

where (3 can be a d j u s t e d  t o  g u a r a n t e e  convergence fo r  a 

p o s i t i v e  d e f i n i t e  matrix23, The SOR method is an over  27 

relaxed v e r s i o n  of t h e  Gauss-SeideP technique  and is de r ived  

from t h e  Gauss-Seidel  formula i n  t h e  same manner as above, 

r e s u l t i n g  i n  e q u a t i o n  (51) 
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The SOR method will converge for  a c e r t a i n  range  of v a l u e s  

of p when A is a p o s i t i v e  d e f i n i t e  matrix, and t h e  ra te  of 
23 convergence w i l l  be a maximum f o r  some v a l u e  of 13 e 

6.3 3 
The s i m p l e s t  method of s t e e p e s t  d e s c e n t  11-14 o r  method 

of s u c c e s s i v e  approximat ions  f o r  s o l v i n g  e q u a t i o n  (18) where 

A is a p o s i t i v e  d e f i n i t e  c o e f f i c i e n t  m a t r i x ,  u s e s  t h e  

formula : 

- - xn 4- wn 
n+ 1 X 

where 

(52) 

rn = b - Axn (53)  

and is a c o n s t a n t  which must s a t i s f y  t h e  i n e q u a l i t y  

2 o < a ! < -  (54) x 
max 

where Amax is t h e  l a r g e s t  e i g e n v a l u e  of t h e  m a t r i x  A,, i n  
11 o r d e r  t o  g u a r a n t e e  convergence 

e 
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The s t a n d a r d  steepest d e s c e n t  method 2 8 9 2 9  u s e s  t h e  

formula : 

- - xn + anrn 
n + l  X 

where 

Axn r = b -  n 

and 

I I  n n  
r T A r  n n  

a =  
n 

( 5 5 )  

(57) 

For b o t h  of t h e  above methods i t  can be shown t h a t  t h e  

convergence is fas tes t  i n  t h e  d i r e c t i o n s  of t h e  e i g e n v e c t o r s  

cor responding  t o  t h e  largest  e i g e n v a l u e s  of t h e  m a t r i x  A ,  

which has t h e  effect  of  damping o u t  t h e  o s c i l l a t o r y  pa r t s  of 

a s o l u t i o n  I n  g e n e r a l  t h e  methods of steepest descen t  

converge very  s lowly  

11 

I t  should  be noted t h a t  t h e  s t a n d a r d  steepest descen t  

method is d e r i v e d  from t h e  minimiza t ion  of t h e  q u a d r a t i c  

f u n c t i o n a l  Q 22 . 

1 T  T Q(x) = 5 x AX - x b 
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when A is p o s i t i v e  d e f i n i t e .  This form has a unique minimum 
22 when x is t h e  s o l u t i o n  of e q u a t i o n  (18). To d e r i v e  t h e  

s t a n d a r d  s t e e p e s t  descen t  method, c o n s i d e r  t h e  g r a d i e n t  of 

t h e  f u n c t i o n a l  Q e v a l u a t e d  a t  x = xi: 

Next an  ai is c a l c u l a t e d  such  t h a t  Q(xi-Qoro) is a minimum: 
1 P  

B B 1 T  
Q ( X - - a . r * )  = '-  - x Tr 4- 01 r Tr -J- - Q! 'rSTAri - - x 

1 1 1  2 1 1  i i i  2 1 1  2 i b  

- _  aQ - r Tr + a - r  = 0 
aai i i  1 i  i 

-r TH" i f  

i i  

o ! =  
r 1 

which y i e l d s  t h e  formulae for t h e  s t a n d a r d  s t e e p e s t  descen t  

method 

An accelerated v e r s i o n  of t h e  s t e e p e s t  method 

u s e s  t h e  fo l lowing  formulae 
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and t h e  (01.1 a r e  determined by r e q u i r i n g  t h a t  t h e  f u n c t i o n a l  
1 

T T ( x  Ax-x x) is a minimum; i o e e 9  by s o l v i n g  t h e  fo l lowing  p 

e q u a t i o n s  f o r  the 01 ‘ s :  i 

k = l  

for j=1,2, p p  

T a l l ’  found t h a t  large v a l u e s  of p speeded up convergence 

so  much t h a t  no smooth approximate s o l u t i o n  cou ld  be 

o b t a i n e d ,  b u t  t h a t  a n  optimum v a l u e  o f  p could be determined 

e x p e r i m e n t a l l y  f o r  a p a r t i c u l a r  t ype  of problem, 

6 ,4  Con3.ugate Grad ien t s  Method 

The method of c o n j u g a t e  grad ien ts3’  is s imi la r  t o  t h e  

method of s t e e p e s t  d e s c e n t  w i t h  t h e  excep t ion  t h a t  each 

s u c c e s s i v e  c o r r e c t i o n  v e c t o r  is c a l c u l a t e d  w i t h  t h e  

a d d i t i o n a l  requi rement  t ha t  t h e  r e s i d u a l s  { ri 1 w i l l  form 

a n  o r thogona l  set  of N v e c t o r s ,  or some r.=O for i ’ < N ,  i n  

which case t h e  s o l u t i o n  has been ob ta ined .  The formulae 

are : 

1 

= x 9 aivi i+l i X 

01 i = v . r  1 i  T .  /V:AVi 

f+l * vi = r  
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pi = -vi A r  i+l vi AVi / T  

i 1 r i+l = * - 

In  p r a c t i c e ,  one g e n e r a l l y  le ts  x =O and t h e n  v =r -b-x %be 

The sequence then  'becomes : 
0 0 0  0 

a ,  

b o  

c. 

d o  

e. 

f .  

$ 0  

h. 

C a l c u l a t e  from e q u a t i o n  (67) 

C a l c u l a t e  x l  from e q u a t i o n  (66) 

C a l c u l a t e  rl from e q u a t i o n  (70) 

C a l c u l a t e  p ,  from e q u a t i o n  (69)  

C a l c u l a t e  Vl from e q u a t i o n  (68) 

C a l c u l a t e  a from e q u a t i o n  (67) 

C a l c u l a t e  x from e q u a t i o n  (66) 

Repeat s t e p s  c ,  t h r u g ,  i n c r e a s i n g  a l l  s u b s c r i p t s  
by  one,  

l 

2 

Since  t h e  ri 's form a n  o r thogona l  se t ,  N of them w i l l  

completely span  t h e  N-dimensional space  i n  w h i c h  x is 

r e p r e s e n t e d ;  and, hence t h i s  t echn ique  i n  theo ry  w i l l  

converge to t h e  p rope r  s o l u t i o n  i n  a f i n i t e  number ( N )  of 

i t e r a t i o n s .  In p r a c t i c e ,  due t o  round-off e r r o r ,  more t h a n  

N i t e r a t i o n s  a r e  u s u a l l y  needed t o  o b t a i n  a s u f f i c i e n t l y  

converged s o l u t i o n  1% 

c Y 
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CHAPTER VI1 

THE EIGENVALUE APPROACH 

Another method which can be used to solve equation (10) 

for T(x') utilizes the properties of eigenvalues and 

eigenfunctions. If one solves the characteristic equation 

b 
P 

(71) 

for the eigenvalues { hi 1 and the corresponding complete 
orthonormal set of eigenfunctions q . ( x )  on the interval 

(a,b), which will result for a positive definite A(x-xv) 
L 1 

which is symmetric about x = x', then one can expand 

functions on that interval in terms of the set 'Pi(X)) e If 

one assumes that both T(x) and F(x) of equation (10) can be 

represented by: 

then the problem is one of solving for the relationships 

between the ti's and fi'se 

found by multiplying equation (73) by q.(x) and integrating 

with respect to x over the interval ( a , b ) .  By using the 

Firstly, the values of fi can be 

3. ' 

properties of orthonormal functions it can be shown that 

f. is given by equation ( 7 4 ) .  
1 
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f i  = f F(x)q i (x)dx  
a 

Then by  s u b s t i t u t i n g  from e q u a t i o n s  (72) and (73) i n t o  

equa t ion  (10)  and u s i n g  e q u a t i o n  ( 7 1 ) ,  

L 

t he  r e s u l t  is e q u a t i o n  ( 7 5 ) ,  

from which one deduces t h a t  f o r  a l l  v a l u e s  of 1, 

(74)  

After f i n d i n g  t h e  v a l u e s  of t T ( x ’ )  is c o n s t r u c t e d  u s i n g  

e q u a t i o n  (721, 
i9 

To a c t u a l l y  implement t h i s  t echn ique  numer i ca l ly ,  one 

must f irst  fo rmula t e  t h e  matrix e q u a t i o n ,  of t h e  form 

shown i n  e q u a t i o n  (18), and t h e n  s o l v e  equa t ion  (77)  
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f o r  N e i g e n v a l u e s  , { A .  1 
v e c t o r s ,  {yik S ince  A w i l l  a lways  be assumed t o  be a 

p o s i t i v e  d e f i n i t e  N x N m a t r i x ,  t h e  e igenva lues  w i l l  a l l  

be rea l ,  d i s t i n c t ,  and pos i t i ve . ,  However, due t o  t h e  

i l l - c o n d i t i o n  of A ,  there w i l l  be many e igenva lues  n e a r  

zero. * Further, t h e  e i g e n v e c t o r s  cor responding  t o  these 
11 small  e igenva lues  w i l l  be h i g h l y  o s c i l l a t o r y  i n  n a t u r e  e 

Using a comple t e ly  analogous development, one can  f i n a l l y  

show t h a t  x i n  e q u a t i o n  (18) is g iven  by e q u a t i o n  (78). 

and t h e i r  cor responding  e igen -  
1 

x =  
i = l  

F u r t h e r ,  if one indexes  t he  e igenva lues  i n  descending o r d e r  

(A1 > h2 > 
e q u a t i o n  (78), a n  approximate s o l u t i o n  of e q u a t i o n  (18) c a n  

be ob ta ined .  T h i s  t r u n c a t i o n  e f f e c t i v e l y  f i l t e rs  x o r  c u t s  

> A n ) 9  t h e n  by t r u n c a t i n g  t h e  series of 

o u t  t h e  h igher  s p a t i a l  f requency  components. 



CHAPTER V I 1 1  

THEORETICAL ANALYSIS OF ERRORS I N  THE 
DECONVOLUT ION PROCESS 

In  m o s t  p r a c t i c a l  deconvolu t ion  problems, t h e  f u n c t i o n  

F(x)  i n  e q u a t i o n  (P0)is  known on ly  w i t h i n  exper imenta l  e r r o r s  

and may a l s o  c o n t a i n  n o i s e  due t o  any number of s o u r c e s .  I f  

one assumes f o r  t h e  moment t h a t  t h e  appa ra tus  f u n c t i o n  

A(x-x') is  known e x a c t l y ,  e q u a t i o n  (IO) can be modif ied t o  

i n c l u d e  t h e s e  e f f e c t s  a s  shown i n  e q u a t i o n  (79) 54 

b 
F(x)  + N(x) = A(x-x ' )T ' (x ' )dx '  

a 
(79) 

N(x) is t h e  f u n c t i o n  which accounts  f o r  a l l  of t h e  e r r o r s  i n  

t h e  observed o u t p u t  of  t h e  in s t rumen t ;  i . e . ,  

and T 9 ( x )  is t h e  s o l u t i o n  one w i l l  o b t a i n  when t h e  observed 

ins t rument  o u t p u t  Fobs(x.) i s  deconvoluted.  The d i f f e r e n c e  

between T ' ( x )  and T ( x )  t h e n  w i l l  be t h e  e r r o r  i n  t h e  

obta ined  s o l u t i o n  due t o  t h e  error t e r m  N(x) i n  t h e  observed 

ou tpu t  of t h e  in s t rumen t  F ( x ) .  By u s i n g  t h e  t echn iques  of 

s e c t i o n  V I 1  these e r r o r s  can  be analyzed. ,  54 

I f  one l e t s  F(x)  be r e p r e s e n t e d  by t h e  expansion i n  

e q u a t i o n  (73), and T ' ( x 7 )  and N(x) be r e p r e s e n t e d  by t h e  

expansions a s  de f ined  by e q u a t i o n s  ($1) and (82) ;  

b 
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T’(x’) = c ti q x ’ )  

N(x) = c ni 4 p )  

i 

i 

then, by substituting these expansions into equation (79)and 

.using the properties of eigenfunctions, 

is obtained 54 . 

tf fi 
X ’  i 

- -  - 
n i + -  
i a 

the following result 

Using equation (76), equdt‘ion (83). can de,rewritten 

i n 
t; = ti + - 

Xi 

where ti is defined by equation (72). 

stated in another way: 

This result can be 

where “(x) is defined in equation (86), 

and represents the resulting error in the solution. 
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The same problem can also be  analyzed i n  t e r m s  of t h e  
32 

Four i e r  t r ans fo rm method a s  descr ibed by 'Rau t i an  .If ' 

equa t ion  (79) 'is F o u r i e r  t ransformed,  the  r e s u l t i n g  equa t ion  

is: 

where f ( o ) ,  n(w),  a ( w ) ,  and t ' ( w )  r e p r e s e n t  t h e  F o u r i e r  

t ransforms of t h e  f u n c t i o n s  F ( x ) ,  N ( x ) ,  A ( x ) ,  and T S ( x )  

r e s p e c t i v e l y .  Using e q u a t i o n  (21) t o  s u b s t i t u t e  f o r  f ( w )  i n  

e q u a t i o n  (87), one o b t a i n s :  

By performing a n  i n v e r s e  F o u r i e r  t ransform on e q u a t i o n  ( 8 8 )  

t h e  r e s u l t  is 

T'(x) =: T ( x )  + - n(w) .-iwx d o  
2n 

i n  analogy t o  equat ion(85) .  T h i s  p rov ides  a n  e q u i v a l e n t  

d e f i n i t i o n  of rd(x) as shown i n  e q u a t i o n  ($IO), 

d w  n(w) e-iwx q(x) ---. - 'I,,, 
-m 2T 

When d e a l i n g  wi th  e r r o r s  of a random n a t u r e  whose mean 

is z e r o ,  one c h a r a c t e r i z e s  t h e  e r r o r s  by their  mean squared  
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v a l u e s ,  Rushfor th  and Harris54 demonstrated t ha t  t h e  

t o t a l  mean s q u a r e  error i n  t h e  s o l u t i o n ,  which is ob ta ined  

by deconvolu t ing  a n o i s y  problem, is given  i n  t h e  eigenvalue-  

e i g e n f u n c t i o n  r e p r e s e n t a t i o n  as 

where 

32 and RN(x9u)  is t h e  a u t o c o r r e l a t i o n  of N(x). Raut ian  

ana lyzed  t h e  t o t a l  mean squared  e r r o r  i n  a n  approximate 

s o l u t i o n  ob ta ined  b y  p u t t i n g  f i n i t e  l i m i t s  on t h e  i n t e g r a l  

when performing the  i n v e r s e  F o u r i e r  t ransform on equa t ion  (88). 

T h i s  amounts t o  f requency l i m i t i n g  o r  band p a s s  f i l t e r i n g  

t h e  r e s t o r e d  s o l u t i o n .  The r eason  for  t h i s  approximate 

approach is found i n  t h e  f ac t  t h a t  i t  can be shown t h a t  

q ( x )  is unbounded 32954 u n l e s s  one t r u n c a t e s  t h e  series i n  

e q u a t i o n ( 8 6 ) o r 9  e q u i v a l e n t l y ,  one l i m i t s  t h e  range  of w fo r  

t h e  i n t e g r a t i o n  i n  e q u a t i o n  (90). However, l i m i t i n g  t h e  

range  of w i n  o r d e r  t o  bound t h e  n o i s e  i n t r o d u c e s  ano the r  

error, s i n c e  t h i s  p r e v e n t s  exact r e c o n s t r u c t i o n  of t h e  t r u e  

s o l u t i o n ;  o r ,  i n  e f f e c t ,  t h i s  l i m i t s  t h e  amount of 

r e s o l u t i o n  enhancement which is p o s s i b l e .  The fo l lowing  
32 e x p r e s s i o n  d e s c r i b e s  t h e  t o t a l  mean squared e r r o r  
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The f irst  t e r m  on t h e  r i g h t  hand s i d e  of e q u a t i o n  (93) 

r e p r e s e n t s  t he  e r r o r  due t o  f i l t e r i n g  t h e  t r u e  s o l u t i o n  and 

t h e  second t e r m  r e p r e s e n t s  t h e  e r r o r  due t o  n o i s e ,  SN(w) 

is  t h e  n o i s e  power spectrum and is d e f i n e d  as t h e  F o u r i e r  

t ransform of  R N ( x 9 x ) "  F u r t h e r ,  i n  g e n e r a l ,  t h e  f irst  t e r m  

is a monotonica l ly  d e c r e a s i n g  f u n c t i o n  of o, and t h e  second 

is a monotonica l ly  i n c r e a s i n g  f u n c t i o n  of w s o  that t he  

effects are  competing and a minimum v a l u e  of e2 can be 
- 

found, f o r  some v a l u e  of w o e  

n s 



CHAPTER I X  

The RM-5 Analog Device 

9 . 1  D e s c r i p t i o n  of Device and i ts  Opera t ion  

The RM-5 analog  d e v i c e  is b a s i c a l l y  t h e  same ins t rumen t  
9 1  as t h a t  r e p o r t e d  p r e v i o u s l y  by Zab ie l sk i  I t  is an  

i t e r a t i v e  ana log  dev ice .  A block diagram of t h e  in s t rumen t  

is shown i n  F igu re  4 .  The in s t rumen t  is a u t o m a t i c a l l y  se l f -  

c o r r e c t i n g  through the u s e  of a feedback loop.  During the  

deconvolu t ion  p r o c e s s ,  each t i m e  t h e  wiper a t  p o i n t  D i n  

F igu re  4 moves t o  t h e  nex t  memory channel ,  t h e  e r r o r  s i g n a l  

a t  p o i n t  A - which is t h e  d i f f e r e n c e  between t h e  convoluted 

t r i a l  s o l u t i o n  cm t h e  c a p a c i t i v e  memory and $he p r o b l e m - t o  

be deconvoluted - is a m p l i f i e d ,  i n v e r t e d ,  and f e d  back t o  

t h a t  memory channel  u n t i l  t h e  error s i g n a l  a t  p o i n t  A is 

reduced t o  zero ( f o r  i n f i n i t e  ampl i f ie r  g a i n ) ;  i o e o 9  it  is 

e s s e n t i a l l y  a system w i t h  100% n e g a t i v e  feedback.  Th i s  is 

t h e  b a s i c  o p e r a t i n g  p r i n c i p l e .  One i t e r a t i o n  c o n s i s t s  of 

sweeping through t h e  e n t i r e  memory a d j u s t i n g  each channel  

i n  t u r n .  The i t e r a t i v e  procedure  is cont inued  u n t i l  t h e  

p o t e n t i a l  d i s t r i b u t i o n  on the memory no l o n g e r  changes from 

one i t e r a t i o n  t o  t h e  n e x t ,  a t  which t i m e  a s tab le  s o l u t i o n  

has been reached. 

While t h e  above d i s c u s s i o n  g i v e s  a g e n e r a l  d e s c r i p t i o n  

of o p e r a t i o n  of  t h e  RM-5 a more d e t a i l e d  mathematical  

d e s c r i p t i o n  is desirable.  Assume f o r  t h e  moment t h a t  
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t h e  wiper  is c o n t a c t i n g  t h e  j t h  memory channel  ( i ndex ing  

f r o m  l e f t  t o  r i g h t ) ,  Then t h e  charge induced on t h e  shaped 

e l e c t r o d e  which r e p r e s e n t s  t h e  a p p a r a t u s  f u n c t i o n  A(x) can 

be r e p r e s e n t e d  by  91 

charge induced = K f: ajixi 
on electrode 

i =  1 

where 

a = A([j- i ]  A t ) ,  
j i  

(94)  

(95)  

A <  is t h e  s p a c i n g  between t h e  c e n t e r s  of any two a d j a c e n t  

memoky channe l s  and is a c o n s t a n t ,  xi is t h e  v o l t a g e  on t h e  

i t h m e m o r y  channel ,  and N is  t h e  number of channels .  The 

c o n s t a n t  K i n  e q u a t i o n  (94)  is a scale f a c t o r  which is 

determined by t h e  c a p a c i t a n c e  between t h e  shaped e l e c t r o d e  

and t h e  c a p a c i t i v e  memory, and t h e  spac ing  between memory 

channe l s ,  A t ;  b o t h  of which are c o n s t a n t s .  

assumed e q u a l  t o  one as w a s  done p r e v i o u s l y , '  

T h i s  w i l l  no t  a f fec t  t h e  v a l i d i t y  of t h e  fo l lowing  

d e r i v a t i o n .  Now if one f u r t h e r  assumes t h a t  t h i s  is t h e  

Hence K w i l l  be 

( n + l ) t h  t i m e  t h e  p o t e n t i a l  d i s t r i b u t i o n  on t h e  memory is 

be ing  a d j u s t e d  and t h a t  t h e  memory is be ing  cyc led  from l e f t  

t o  r i g h t  ( i o e o ,  t h e  memory is moving from r i g h t  t o  l e f t ) ;  t h e n  

u s i n g  s u p e r s c r i p t s  t o  denote  i t e r a t i o n  number, e q u a t i o n  (94)  

can  be r e w r i t t e n  ( l e t t i n g  K=l).  
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charge  induced - - 
on electrode 

i=1 -i=j+l 

Now s i m i l a r l y  t h e  charge  induced a t  p o i n t  A i n  F i g u r e  4 due 

t o  t h e  Pine fo l lower  f u n c t i o n  g e n e r a t o r ,  f eed ing  through c19 

can be w r i t t e n  

= -k b charge  induced 
from l i n e  f o l l o w e r  J 

where 

(97) 

and F(x) r e p r e s e n t s  t h e  problem t o  be deconvoluted.  Again 

t h e  f a c t o r  k i n  e q u a t i o n  (97) is simply a scale f a c t o r  and 

w i l l  be assumed e q u a l  t o  one t o  s i m p l i f y  t h e  mathematics ,  

The t o t a l  charge  induced a t  p o i n t  A is then :  

t o t a l  charge  = charge  induced on -k- charge  induced from 
e l e c t r o d e  l i n e  fo l lower  

(99)  

J 
t o t a l  charge  = a x  J i  i ( n - t l +  f a Ji  x i ( n )  - b j  

(100) 
i= 1 i=J sl 
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A t  p o i n t  C i n  F igu re  4 ,  t h e  v o l t a g e  can  be g iven  by 

s i n c e  a l l  of t h e  ampl i f ie rs  are i n v e r t i n g .  G is t h e  t o t a l  

loop g a i n  of t h e  s y s t e m ,  Now i f  one assumes t h a t  t h e  f i l t e r  

and l o g i c  do no th ing  i n  t h e  s implest  case, then  one can  s a y  

( c , f .  F i g u r e  4)  

(n+1)9 s o  t h a t  t h e  loop  e q u a t i o n  f o r  t h i s  But V is j u s t  x 

simple sys t em becomes 
j 

Equat ion (103) can  be s o l v e d  fo r  x (n+l) r e s u l t i n g  I i n  

e q u a t i o n  (104) 
j 

I t  can immediately be s e e n  t h a t  t h e  l i m i t  of  e q u a t i o n  (104) 

as G goes t o  i n f i n i t y  is s i m p l y  e q u a t i o n  (35)  
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which describes t h e  Gauss-Seidel i t e r a t i o n  ( c , f ,  s e c t i o n  

6,H), This  demonst ra tes  t h a t  t h e  Gauss-Seidel i t e r a t i o n  is 

t h e  basis f o r  t h e  o p e r a t i o n  of t h e  RM-5, Now e q u a t i o n  (104) 

can be  f u r t h e r  modi f ied  t o  more a c c u r a t e l y  d e s c r i b e  t h e  

a c t u a l  o p e r a t i o n  of t h e  RM-5. 

F i r s t ,  s i n c e  t h e  c a p a c i t i v e  memory moves i n  d i f f e r e n t  

d i r e c t i o n s  dilring a l t e r n a t e  i t e r a t i o n s ,  t h e  i t e r a t i o n  

becomes a s y m m e t r i c  i t e r a t i o n  which can be r e p r e s e n t e d  b y  

For G going  to i n f i n f % y ,  t h i s  i t e r a t i o n  reduces  t o  t h e  

s y m m e t r i c  form of t h e  Gauss-SeideZ i t e r a t i o n 2 5 ,  which 

23 25 converges f o r  a p o s i t i v e  d e f i n i t e  c o e f f i c i e n t  ma t r ix  

The n e x t  necessa ry  m o d i f i c a t i o n  is one which w i l l  

describe t h e  a c t i o n  of a l o w  p a s s  f i l t e r  i n  t h e  feedback 

loop (between p o i n t s  C and D i n  F igu re  4 ) .  S ince  t h e  

f i l t e r s  f n  t h e  RM-5 c i r c u i t  a r e  a c t u a l l y  s e v e r a l  low p a s s  

R-C s e c t i o n s ,  a ve ry  s imple  mathemat ica l  model can be used 

6 
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as a first approximation.  T h i s  s i m p l e  model is based upon 

t h e  fo l lowing  argument,  Assume t h a t  t h e  wipe r  a t  p o i n t  D 

i n  F igu re  4 is c o n t a c t i n g  t h e  ( j - 1 ) t h  channel  and is a t  a 

v o l t a g e  xj-lo 

the wiper is c o n t a c t i n g  the  j t h  channel .  The ampl i f i e r s  

Now assume t h a t  t h e  memory is moved s o  t h a t  

now see a d i f f e r e n t  error s i g n a l  and begin  t o  a d j u s t  t h e  

v o l t a g e  x . t o  i t s  e q u i l i b r i u m  value,, However due t o  t h e  

R-C f i l t e r i n g  a c t i o n  i n  t h e  feedback loop ,  t h i s  ad jus tment  
j 

of t h e  v o l t a g e  x w i l l  take a c e r t a i n  amount of  t i m e ,  

determined by t h e  R-C t i m e  c o n s t a n t  of t h e  f i l t e r .  But a t  

t h e  same t i m e ,  t h e  memory is moving $t a - s t e a d y  speed and 

j 

* 

t h e  wiper w i l l  on ly  c o n t a c t  t h e  j t h  channel  for  a f i x e d  

t i m e  pe r iod  before i t  moves t o  t h e  ?.j+l)th p o s i t i o n .  Hence, 

du r ing  t h a t  t i m e ,  t h e  v o l t a g e  x w i l l  no t  q u i t e  r each  its 

e q u i l i b r i u m  v a l u e ;  b u t  w i l l  reach some f r a c t i o n  (less than  1) 
j 

of i t ,  which w i l l  be determined by t h e  t i m e  c o n s t a n t  of t h e  

R-C f i l t e r .  T h i s  model can  be r e p r e s e n t e d  very  s imply  i n  

mathematical form by 

where 
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and 
J -1 N 

i=l i=J 4-1 
(n-tl))  (108) 

aJ ixi 
( b -  1 a x - .  G 

l+a .G 
J J  

y 9  = 
ji 1 

(n+1)9 as would be 
J 

which a r e  t h e  e q u i l i b r i u m  v a l u e s  of x 

c a l c u l a t e d  from e q u a t i o n  (105) i n  t h e  absence of f i l t e r i n g .  

The parameter  01 i n  e q u a t i o n  (106) de te rmines  t h e  amount of 

f i l t e r i n g ,  and is related t o  t h e  R-C t i m e  c o n s t a n t  i n  t h e  

fo l lowing  way: 

where A t  is t h e  t i m e  which t h e  wiper  a t  p o i n t  D i n  FigQre 4 

spends c o n t a c t i n g  each  channel  i n  t h e  memory, For - r = 0 9  

which is e q u i v a l e n t  t o  no f i l t e r i n g ,  a = P ;  and e q u a t i o n  (106) 

reduces  t o  e q u a t i o n  ( l 0 5 ) ,  For T >  0 ,  M l  and hence t h e  

s m a l l e r  is  a 9  t h e  l a r g e r  is t h e  f i l t e r i n g  a c t i o n .  

The f i n a l  m o d i f i c a t i o n  which is r e q u i r e d  t o  complete 

t h e  mathematical  d e s c r i p t i o n  is one which w i l l  d e s c r i b e  

t h e  a c t i o n  of t h e  l o g i c  between p o i n t s  C and D i n  F i g u r e  4, 

This  l o g i c  is simply a d iode  c l i p p i n g  c i r c u i t  which p a s s e s  

v o l t a g e s  of on ly  one p o l a r i t y .  The r e a s o n  f o r  t h e  i n c l u s i o n  

of t h i s  c i r c u i t  i n  t h e  feedback loop is related t o  t h e  type  

of problem which is t o  be deconvolu ted ,  I n  most t ypes  of 

s p e c t r a l  measurements, t h e  q u a n t i t y  be ing  measured ( l i g h t  

i n t e n s i t y ,  r f  a b s o r p t i o n ,  mass abundance, e t c , )  is p o s i t i v e  

by d e f i n i t i o n  (ice., > - 0 ) ;  and a s o l u t i o n  which has  
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n e g a t i v e  v a l u e s  is p h y s i c a l l y  u n r e a l .  For t h i s  r eason  

t h e  l o g i c  w a s  i nc luded .  T h i s  "negat ive  r e j e c t i o n "  p r i n c i p l e  

can  be added t o  t h e  mathematical d e s c r i p t i o n  i n  a s imple 

manner as shown i n  e q u a t i o n  (110). 

Z H(Z)  ; n odd ( n + O  - - 
j Z ' H ( Z ' ) ;  n even 

X 

where 

and H(Z)  is t h e  Heavis ide  s t e p  f u n c t i o n  de f ined  b y  

0 ;  z < o  
1 ; , z  > 0 

H ( Z )  = 

- 

Equat ion (110) r e p r e s e n t s  t h e  mathematical d e s c r i p t i o n  of 

t h e  o p e r a t i o n  of t h e  RM-5 ana log  dev ice .  

9 .2  D i g i t a l  S imula t ion  of t h e - R M - 5  

Using e q u a t i o n  (LIO), t h e  RM-5 was d i g i t a l l y  s imula t ed  

by t h e  u s e  of a F o r t r a n  I V  program, which w a s  run  on an  

IBM 360 computer,  model 6% The basic program accepted  

as i n p u t  data  t h e  fo l lowing :  

1. The problem t o  be deconvoluted,  F ( x ) ,  i n  a one 

d imens iona l  a r r a y .  
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2. 

3 .  

4.  

5. 

The a p p a r a t u s  f u n c t i o n ,  A(x),  i n  a one dimensional  

a r r a y  

The g a i n ,  G o  

The parameter  Q 9  which de termines  t h e  amount of 

f i l t e r i n g ,  

The number of i t e r a t i o n s '  be performed 

The o u t p u t  of t h e  basic program c o n s i s t s  of t h e  fo l lowing  

i t e m s :  

1. The i n p u t  d a t a  

2 ,  The s o l u t i o n  a f t e r  t h e  r e q u i r e d  number of 

i t e r a t i o n s  have been performed. 

9,3 Experimental  R e s u l t s  from t h e  RM-5 

F igure  5 shows a Gaussian curve  which was used as t h e  

a p p a r a t u s  f u n c t i o n ,  A(x), and t h e  problem F ( x ) ,  f o r  a serPies 

of exper iments  w i t h  t h e  RM-5. The t r u e  s o l u t i o n  f o r  t h i s  

decsnvo lu t ion  problem, is a 6 f u n c t i o n  s i n g l e t .  F igu re  6 

shows the s o l u t i o n  which w a s  ob ta ined  from t h e  RM-5 fo r  

va ry ing  amounts of f i l t e r i n g  i n  t h e  feedback loop.  Curve 

a i n  F igu re  6 was t h e  s o l u t i o n  ob ta ined  w i t h  t h e  l e a s t  

amount of f i l t e r i n g ,  and c u r v e s  b ,  c ,  and d ,  each ,  were 

ob ta ined  w i t h  more f i l t e r i n g  .than t h e  p rev ious  cu rve ,  

Examination of F i g u r e  6 shows t h a t  there e x i s t s  an  optimum 

v a l u e  of f i l t e r i n g  cor responding  t o  cu rve  b ,  which g i v e s  

t h e  best approximation t o  a 6 f u n c t i o n  s i n g l e t .  The 

r e s o l u t i o n  enhancement ob ta ined  i n  cu rve  b is * 8,  u s i n g  

t h e  r a t i o  of t h e  w i d t h  a t  h a l f  h e i g h t  of F igu re  5 t o  t h e  
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A(X) AND F(X) FOR 

Figure 5 
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b i 

F i g u r e  6 

Approximate s o l u t i o n s  [T approx (x) ]  ob ta ined  from 
t h e  RM-5 w i t h  va ry ing  amounts of 

f i l t e r i n g  f o r  problem shown i n  F i g u r e  5 

f b 
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width  a t  ha l f  h e i g h t  of F igu re  6b.  The g a i n ,  G, as de f ined  

i n  s e c t i o n  9 .1  w a s  4 .2  fo r  a l l  of t h e  curves  i n  F igu re  6 .  

F i g u r e  7 shows t h e  r e s u l t s  ob ta ined  from t h e  RM-5 f o r  

v a r i o u s  v a l u e s  of g a i n ,  G, when deconvolu t ing  t h e  problem 

i n  F igu re  5. The amount of f i l t e r i n g  is t h e  same as t h a t  

cor responding  t o  F igu re  6b f o r  a l l  of t h e  cu rves  i n  F i g u r e  7. 

F i g u r e  7 c l e a r l y  demonst ra tes  t ha t  i t  is desirable t o  have 

t h e  g a i n  as  l a r g e  as p o s s i b l e ,  a s  is g e n e r a l l y  t r u e  of any 

n u l l  s e e k i n g  ana log  d e v i c e .  Although G - 4 . 2  is no t  a l a r g e  

v a l u e  of g a i n ,  i t  is l i m i t e d  i n  t h e  RM-5 dev ice  by t h e  g a i n  

of t h e  first a m p l i f i e r  i n  F f g u r e . 4 .  T h i s  a m p l i f i e r  can  be 

cons ide red  a charge  a m p l i f i e r  i f  one assumes t h a t  t h e  i n p u t  

is t h e  shaped e l e c t r o d e ;  b u t ,  i f  one c o n s i d e r s  t h e  i n p u t  t o  

be t h e  v o l t a g e  on t h e  memory channel  which t h e  wipey is 

c o n t a c t i n g ,  t h e n  t h i s  a m p l i f i e r  can be cons idered  t o  be a 

v o l t a g e  a m p l i f i e r ,  and t h e  v o l t a g e  g a i n  which is c a l c u l a t e d  

i n  t h i s  manner is t h e  number which is needed ( a long  w i t h  t h e  

v o l t a g e  g a i n  of  the  second and t h i r d  a m p l i f i e r s  i n  F igure  4 )  

i n  o r d e r  t o  c a l c u l a t e  t h e  t o t a l  l oop  g a i n  G a s  d i scussed  i n  

s e c t i o n  9 .1 ,  When t h e  v o l t a g e  g a i n  of t h e  first a m p l i f i e r  

is c a l c u l a t e d  i n  t h i s  manner, i t  is found t o  be % 1/50, 

depending upon t h e  a i r  gap between t h e  shaped e l e c t r o d e  and 

t h e  c a p a c i t i v e  memory, as  shown i n  F igu re  4 ,  Hence, even 

though l a r g e  v o l t a g e  g a i n s  can b e  ob ta ined  w i t h  a m p l i f i e r s  2 

and 3 i n  F igu re  4 ,  t h e  t o t a l  l oop  g a i n  is somewhat l i m i t e d ,  

s i n c e  any n o i s e  which appea r s  on t h e  o u t p u t  of a m p l i f i e r  1, 

is ampl i f i ed  by  a m p l i f i e r s  2 and 3 ,  
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Figure  7 

Approximate s o l u t i o n s  [ T approx (x)  1 ob ta ined  from 
t h e  RM-5 w i t h  va ry ing  v a l u e s  of g a i n  
fo r  the problem shown i n  F igu re  5 
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Figures  8 through 1 2  show some t y p i c a l  r e s u l t s  from t h e  

RM-5 f o r  v a r i o u s  t y p e s  of problems. F igu re  8 shows t h e  

a p p a r a t u s  f u n c t i o n  A(x) and its deconvolu t ion  t o  a 8 

f u n c t i o n  s i n g l e t .  T h i s  a p p a r a t u s  f u n c t i o n  is n o t  de f ined  i n  

closed f o r m ,  b u t  rather w a s  drawn by hand i n  an  a t t empt  t o  

c o n s t r u c t  an a r b i t r a r y  a p p a r a t u s  f u n c t i o n .  F igu re  9 shows 

t h e  deconva lu t ion  of a problem whose t r u e  s o l u t i o n ,  T ( x ) ,  is 

a 6 f u n c t i o n  d o u b l e t  w i t h  e q u a l  ampl i tudes  and a spac ing  

of 1 ,86  i n c h e s ,  F i g u r e  10  shows t h e  deconvolu t ion  of a 

problem whose t r u e  s o l u t i o n  is a d f u n c t i o n  d o u b l e t  w i t h  

e q u a l  ampl i tudes  and a s p a c i n g  of 1.57 inches .  F igu re  11 

shows t h e  r e s u l t  of deconvolu t ing  a problem whose t r u e  

s o l u t i o n  is a 6 f u n c t i o n  d o u b l e t  w i t h  ampl i tudes  having a 

r a t i o  1 : 2  and a s p a c i n g  of 1.57 i n c h e s ;  and,  F igu re  12 is 

t h e  r e s u l t  o f  deconvolu t ing  a problem whose t r u e  s o l u t i o n  

is a 6 f u n c t i o n  t r i p l e t  w i t h  a l l  ampl i tudes  e q u a l  and e q u a l  

s p a c i n g s  of 1.30 i n c h e s ,  

9 .4  R e s u l t s  from t h e  D i g i t a l  S imula t ion  of t h e  RM-5 

I n  o r d e r  t o  check whether e q u a t i o n  (110) is an  

adequate  mathematical d e s c r i p t i o n  of  t h e  o p e r a t i o n  of t h e  

RM-5 ana log  d e v i c e ,  a series of problems were deconvoluted 

numer ica l ly  u s i n g  an IBM 360 computer and t h e  F o r t r a n  I V  

program b r i e f l y  d e s c r i b e d  i n  s e c t i o n  9 , 2 .  The effects of 

va ry ing  t h e  parameters  G and Q 9  as  de f ined  i n  s e c t i o n  9 ,1 ,  

w e r e  a l s o  i n v e s t i g a t e d .  F igu re  13 shows a Gaussian doub le t  

problem which w a s  used t o  i n v e s t i g a t e  t h e  effect  of va ry ing  

G i n  e q u a t i o n  (110) .  A(x) and F(x)  were c a l c u l a t e d  e x a c t l y  
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THE RM-5 

F i g u r e  8 
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H 
I INCH 

A(X) AS 
FIG. 8 

FROM RM-5 

F i g u r e  9 
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F i g u r e  10 
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FROM R M - 5  

Figure 11 
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r 

F i g u r e  13 
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a t  the  p o i n t s  shown i n  F igu re  13 and these numbers were used 

a s  i n p u t  d a t a  f o r  t h e  d i g i t a l  program, The p o i n t s  on T(x)  

i n  F igu re  13 r e p r e s e n t  t he  e x a c t  numerical  s o l u t i o n  which  

should r e s u l t  from t h i s  c a l c u l a t i o n .  The problem w a s  t h e n  

so lved  u s i n g  e q u a t i o n  ( I l O ) ,  w i t h  a=1 and G be ing  v a r i e d  i n  

steps from P t o  1000, and c a r r y i n g  o u t  a f i x e d  number of 

i t e r a t i o n s  i n  each case. The r e s u l t s  are shown i n  F igu re  lL4,. 

I t  can be seen  t h a t  t h e  doub le t  is r e s o l v e d  f o r  G=10 and 

t h e  form of t h e  s o l u t i o n  changes ve ry  l i t t l e  f o r  g a i n s  

g r e a t e r  t h a n  20. F i g u r e  15 shows a Gaussian doub le t  problem 

which w a s  used t o  check t h e  e f f e c t  of vary ing  01 i n  

e q u a t i o n  CllO). I t  w a s  c o n s t r u c t e d  i n  t h e  same manner a s  

was F igu re  13 w i t h  t h e  e x c e p t i o n  t h a t  many more p o i n t s  were 

used i n  a n  e f f o r t  t o  provide  a more r ea l i s t i c  s i m u l a t i o n  of 

t h e  RM-5. F igu re  16 shows t h e  s o l u t i o n  ob ta ined  a f t e r  60 

i t e r a t i o n s  w i t h  G=500 f o r  v a r i o u s  v a l u e s  of a 0  F i g u r e  16 

c lear ly  demonstrate; t h e  v a l u e  of f i l t e r i n g ,  
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a = l  
FOR ALL C U R V E S  

F i g u r e  14 

S o l u t i o n  o b t a i n e d  a f t e r  30 i t e r a t i o n s  f o r  
problem shown i n  F i g u r e  13 u s i n g  
e q u a t i o n  110 on d i g i t a l  computer 



L 0 

F i g u r e  15 

X 
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a = 1.00 

G = 5QO.00 
FOR ALLCURVES 

I 
0 

Figure  16 

S o l u t i o n  a f t e r  60 i t e r a t i o n s  f o r  problem shown i n  
F igu re  15 u s i n g  e q u a t i o n  110 on d i g i t a l  computer 

X 

c 



CHAPTER X 

RESULTS FROM OTHER NUMERICAL COMPUTATIONS 

The r e l a t i v e l y  s i m p l e  G a u s s i a n  d o u b l e t  p roblem shown 

i n  F i g u r e  13 was a l s o  s o l v e d  u s i n g  t h e  acce lera ted  v e r s i o n  

o f  s t e e p e s t  d e s c e n t  a s  d e f i n e d  by e q u a t i o n s  63, 64, and 65. 

F i g u r e  17 shows t h e  r e s u l t i n g  s o l u t i o n  a f t e r  1 0  i t e r a t i o n s  

f o r  d i f f e r e n t  i n t e g e r  v a l u e s  of p .  F i g u r e  18 shows t h e  

r e s u l t i n g  s o l u t i o n  a f t e r  10 i t e r a t i o n s  f o r  d i f f e r e n t  v a l u e s  

of p w i t h  t h e  a d d i t i o n a l  m o d i f i c a t i o n  t h a t  a f t e r  each i t e r -  

a t i o n ,  any  n e g a t i v e  v a l u e s  i n  t h e  t r i a l  s o l u t i o n  were s e t  

e q u a l  t o  z e r o .  'This i n  e f f e c t  is e q u i v a l e n t  t o  t h e  " n e g a t i v e  

r e j e c t i o n v T  f e a t u r e  of t h e  RM-5 d e v i c e ,  Examina t ion  of 

F i g u r e  18 e l e a r l y  shows t h a t  t h i s  " n e g a t i v e  r e j e c t i o n v '  a t t e n -  

u a t e s  t h e  h i g h  f r e q u e n c y  n o i s e  i n  t h e  s o l u t i o n  and  f o r  v a l u e s  

of p g r e a t e r  t h a n  5, n o t i c a b l y  accelerates c o n v e r g e n c e .  The 

same problem was a l s o  s o l v e d  u s i n g  the  method of c o n j u g a t e  

g r a d i e n t s  described i n  s e c t i o n  6.4. The s o l u t i o n  o b t a i n e d  

by t h i s  method a f t e r  5, P O ,  15, and  20 i t e r a t i o n s  is shown 

i n  F i g u r e  1 9 .  
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F i g u r e  17 
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Figure 18 
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F i g u r e  19 

R e s u l t s  from C o n j u g a t e  G r a d i e n t s  Method 



CHAPTER X I  

BRIEF REMARKS ABOUT TWO-DIMENSIONAL DECONVOLUTION 

The a r e a s  of image enhancement and p a t t e r n  r e c o g n i t i o n  

are  t y p i c a l  2-dimensional deconvolu t ion  problems. Because 

of t h e  ease w i t h  which one can F o u r i e r  t r ans fo rm 2-dimensional 

f u n c t i o n s  w i t h  o p t i c a l  t echn iques ,  a new f i e l d  of o p t i c a l  

computers is evo lv ing  ( t y p i c a l  of  t h i s  method is t h e  work of 

S t roke  93 I , ,  The p r e s e n t  l i m i t a t i o n s  on o p t i c a l  methods 

a r e  t h e  input -output  problems, s i n c e  t h e  two-dimensional d a t a  

is u s u a l l y  handled i n  t h e  form o f  a photographic  t r anspa rency .  

The technique  used is j u s t  t h e  two-dimensional analogy of t h e  

one-dimensional method a s  d e s c r i b e d  i n  s e c t i o n  5.1, 



CHAPTER X I 1  

SUMMARY AND CONCLUSIONS 

12 .1  D i s c u s s i o n  of R e s u l t s  

One of  t h e  g e n e r a l  c o n c l u s i o n s  which can  be drawn 

from t h e  material  p r e s e n t e d  i n  t h i s  thes i s  is t h a t  t h e r e  are  

s e v e r a l  d i f f e r e n t  i t e r a t i v e  t e c h n i q u e s  which may be used t o  

s o l v e  t h e  c o n v o l u t i o n  i n t e g r a l  e q u a t i o n .  Perhaps  a more 

impor t an t  s p e c i f i c  c o n c l u s i o n  which is sugges t ed  b y  t h e  

r e s u l t s  p r e s e n t e d  i n  s e c t i o n s  I X  and X ,  is t h e  f a c t  t h a t  t h e  

i n c o r p o r a t i o n  of  f i l t e r i n g  and "nega t ive  r e j e c t i o n "  i n  a 

numer ica l  i t e r a t i v e  t echn ique  is h i g h l y  d e s i r a b l e  f o r  t h e  

deconvo lu t ion  o f  s p e c t r a l  i n fo rma t ion .  Both of these prop- 

er t ies  are  i n c o r p o r a t e d  i n  t h e  RM-5 a n a l o g  d e v i c e .  

12 .2  I m p l i c a t i o n s  f o r  F u r t h e r  Work 

I t  would be desirable  t o  i n v e s t i g a t e  t h e  convergence 

c r i t e r i a  f o r  t h e  modi f ied  Gauss-Seidel  i t e r a t i o n ,  which 

describes the  o p e r a t i o n  of t h e  RM-5 d e v i c e  ( c . f .  e q u a t i o n  

l l O > ,  i n  some d e t a i l ,  i n  o r d e r  t o  t h e o r e t i c a l l y  de t e rmine  

t h e  e f fec ts  of  G and a! L) Another s t u d y  which cou ld  be 

carr ied o u t  t h e o r e t i c a l l y ,  and/or  e x p e r i m e n t a l l y ,  would be 

t h e  e f f ec t s  of random n o i s e  on t h e  deconvo lu t ion  p r o c e s s g  

a g a i n  w i t h  s p e c i a l  emphasis upon t h e  e f f e c t s  of  v a r y i n g  G 

and 

a 
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APPENDIX I 

A d e f i n i t i o n  of t h e  t r u e  norm of a s q u a r e  N X N m a t r i x  
56 can  be g iven  by 

NT(A) = max 1%' 
where X is any N X 1 v e c t o r  and 1x1 is de f ined  by 

I n  o r d e r  t o  f i n d  t h e  true norm of a m a t r i x  A, one first le t s  

t h e  a r b i t r a r y  v e c t o r  X be expanded i n  t e r m s  of t h e  N e igen-  

v e c t o r s  o;f A :  

where t h e  yi are e i g e n v e c t o r s  of t h e  m a t r i x  A. 

can a l s o  w r i t e  

Then one 

wheke Ai is t h e  e i g e n v a l u e  of A which is a s s o c i a t e d  w i t h  

t h e  e i g e n v e c t o r  yie 

(1.4) s u b s t i t u t e d  i n t o  e q u a t i o n  ( I o l ) 9  one can w r i t e  

Using e q u a t i o n s  (1e2)9 and (1.3) and 
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N T ( A )  = max 
i=1 i= 1 

Now f o r  convenience,  l e t  t h e  e igenva lues  be indexed i n  

descending o r d e r ;  i o e o 2  h > h > A g o  e . , > A n o  Then 1 2  
equa t ion  ( I , 5 )  can  be r e w r i t t e n  

Now s i n c e  X i / X 1 <  - 1, t i t h  t h e  e q u a l i t y  ho ld ing  only  fo r  

i = 1; t h e  t e r m  i n s i d e  t h e  r a d i c a l  is < - 1 w i t h  t h e  e q u a l i t y  

hold ing  only  for  t h e  fo l lowing  Condi t ions :  

c; b = l  

0 ;  D-1 
- ci - 

Under t h e s e  c o n d i t i o n s  a l so ,  t he  r i g h t  hand side of 

equa t ion  ( 1 . 6 )  Is maximized r e s u l t i n g  i n  lX1l which is t h e  

magnitude of t h e  largest  e igenva lue  of t h e  m a t r i x  A.  Hence 

t h e  r e s u l t  


